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In this study, a systematic numerical procedure for identifying the model parameters of simulated mov-
ing bed (SMB) separation processes is developed. The parameters are first estimated by minimizing a
weighted least-squares criterion using experimental data from batch experiments, e.g. the time evolution
of the concentration of elution peaks. Then, a cross-validation is achieved using data from experiments
in SMB operation. At this stage, the importance of a careful modelling of the dead volumes within the
SMB process is highlighted. In addition, confidence intervals on the estimated parameters and on the
predicted concentration profiles are evaluated.
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1. Introduction

Conventional batch chromatography is relatively inefficient in
terms of adsorbent and solvent consumption and significant bene-
fits can be achieved by performing separation of high-added value
products, such as enantiomers produced in the pharmaceutical
industry, with a simulated moving bed (SMB) process. The SMB
process allows a counter-current movement of the liquid and the
solid to be achieved in order to increase the exchange capabilities
between both phases. In practice, there is no real solid move-
ment but a “simulated” counter-current. Indeed, the process is
constituted by several fixed beds in series and the simulated solid
movement is achieved by periodically switching the inlet and out-
let valves by one column in the direction of the liquid flow. For
further details about the process see [1].

This process has been used for large scale production in the
petrochemical and sugar industry since the 1950’s. However, the
transfer of the SMB technology to the separation of fine chem-
icals is not immediate. Indeed, the conditions (characteristics of
the phases, interactions, etc.) are very different. Moreover, product
purity is also subject to tight constraints imposed by the phar-
maceutical and food regulatory organisations. Furthermore, the
optimal operating conditions, which, by definition, are achieved if
the required purities are obtained with the highest possible produc-
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tivity and the smallest possible solvent consumption, are not easy
to determine. Most of the methods use a process model and are,
thus, subject to modelling errors. Besides, the optimal conditions
of the SMB operations are not robust to the changes of temperature,
of the feed composition, or of the feed flow rate. Hence, most of the
SMB units work on robust but suboptimal conditions. In this way,
they satisfy to the specifications most of the time despite the distur-
bances. Indeed, in general, there is no closed loop control. To study
these problems of selection of optimal operating conditions, pro-
cess control and monitoring of the SMB process, a precise model of
the plant is required. Indeed, such a model, able to reproduce with
details the operation of the process, may generate fictitious data to
tune and test the developed control and monitoring methods.

SMB models consist of mass balance equations in the liquid and
in the solid phase of the components to separate. A first-principle
SMB model usually includes the isotherm parameters, the column
porosity, the diffusion and/or the mass transfer coefficients. Typi-
cally, all these parameters are determined from batch experiments,
performed on analytical columns or on SMB columns.

In the literature, many comparisons have been performed
between experimental concentration profiles and simulated pro-
files. In most of the presented results, discrepancies are observed
between the experimental profiles and the simulated ones. Two
critical points are mentioned. On the one hand, the parameters are
often roughly estimated from few experiments [2-4] or modified
heuristically to minimize the difference between both profiles like
in [5,6]. On the other hand, the presence of the extra column dead
volumes influences significantly the concentration profiles [3,7,8].
In the literature, the extra column dead volumes are taken into
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account in the determination of the operating conditions by modi-
fying the equations of the triangle theory in some papers [9-12] but
the introduction of the dead volume in the SMB models is not often
considered [7,9]. Hence, there is obviously a need for a systematic
estimation procedure of the parameters of a SMB model and for an
effective modelling of the extra column dead volumes.

The aim of this paper is to validate on experimental data the sys-
tematic approach to SMB processes model identification from batch
experiments developed in [13]. The first step is the application of
the parameter identification from batch experiments described in
the reference. The second step is the cross-validation with SMB
experiments so as to assess whether the parameters identified from
batch experiments may be used in a SMB model. This part of the
work requires the development of an extra column dead volume
model.

The method for parameter identification [13] is based on the
definition of a cost function, characterizing the difference between
measured and simulated elution peaks, and its minimization using
an appropriate numerical method. The procedure has been devel-
oped after a systematic study of parameter identifiability. Thanks
to a sensitivity analysis, the number of elution peaks and the asso-
ciated feed concentration needed to identify the parameters with
good accuracy have been determined. Moreover, from a systematic
comparison of the identifiability of the parameters of the kinetic,
equilibrium dispersive and LDF models, together with the evalu-
ation of the computational load associated to such models, it has
resulted that a kinetic model yields an appropriate compromise
between these criteria. Hence, the identification procedure con-
sists of the simultaneous identification of the isotherm parameters
and the mass transfer coefficients of a kinetic model from two elu-
tion peaks, one at analytic concentration and a second one at the
highest possible concentration given the solubility limit. Because
of the presence of local minima, a multi-start optimization proce-
dure is advisable. It consists in performing several identifications
from different initial values of the parameters. Besides, confidence
intervals for the estimated parameters and of the simulation errors
are computed.

The cross-validation with SMB experiments is performed on a
preparative SMB unit (CSEP C912, Knauer, Berlin, Germany). In this
installation, contrary to usual configurations where the inlet and
outlet ports are switched, a multifunctional valve allows the rota-
tion of the columns at each switching time. As pumps and detectors
are introduced between the columns of this SMB process, it turns
out that the extra-column dead volumes cannot be neglected. In
this study, the model developed in [9] is adapted to this kind of
SMB.

The text is organised as follows. The presentation of the consid-
ered SMB process is given in Section 2. Section 3 is devoted to the
parameter estimation from batch experiments. SMB modelling is
discussed in Section 4 and the cross-validation on SMB experiments
is performed in Section 5.

2. System description

Fig. 1 shows the equivalent counter-current representation of
a SMB process. The system is subdivided into 4 different sec-
tions delimited by several material flow outlets and inlets. The
two inlets are the input of the mixture to be separated and the
input of a desorbing solvent. The system also has two withdrawal
ports, one for the raffinate which is constituted mostly of the less
adsorbable component (component A) and another for the extract
which mostly consists of the more retained component (compo-
nent B). The movement of the liquid and solid phases, as well as the
adsorption-desorption phenomena taking place in each section are
depicted in Fig. 1.
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Fig. 1. Equivalent counter-current representation of a simulated moving bed pro-
cess for separation of a mixture with two species A and B — material flows and
adsorption-desorption phenomena in each section.

In this study, experiments were conducted in the Max-Planck-
Institut Dynamik Komplexer Technisher Systeme in Magdeburg
(Germany) on a preparative SMB unit (CSEP C912, Knauer, Berlin,
Germany). Fig. 2 shows a schematic representation of this unit.
Contrary to usual configurations where the inlet and outlet ports
are switched, the columns, connected to a multi-function valve,
are switched counter-current to the direction of the fluid flow.
This valve consists of a rotor and a stator with 24 ports each. The
ports are connected to each other by continuous channels. Hence,
all the devices inside the inner circle moves during the switching,
whereas, the rest is fixed. Note that this SMB plant is built for up to
12 columns but only 8 columns are introduced in the process used
in Magdeburg. The free ports are connected by short capillaries, as
described in [14] and the valve switches alternatively one and two
times successively during a full cycle (which is equal to 8 switching
periods).

The experiments consist in the separation of cyclopen-
tanone and cyclohexanone on 8 columns with 21.2 mm internal
diameter and 100 mm length. The stationary phase is a sil-
ica gel (LiChroprep RP-18, particle size 25-40pum, Merck,
Darmstadt) and the solvent is a water/methanol solution
(70/30).

The process is equipped with two inlet pumps, one on the feed
flow (P4), and another on desorbent flow (P3). Two other pumps
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Fig.2. Schematic representation of the Knauer CSEP C912 unit (Max Planck Institute,
Magdeburg, Germany) with 8 columns (position at start-up).
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are located in the circulating stream (P1 and P2). Besides, this SMB
process is also equipped with four UV detectors, two in the cir-
culating stream (UV3 and UV4) and two on the product outlets
(UV1 and UV2). They have been calibrated by injecting succes-
sive step changes of known concentration of cyclopentanone and
cyclohexanone. In this study, it turns out that, in the considered
concentration range, the UV signal is equal to a weighted sum of
the concentration of both products.
The following conventions will be used in the paper:

e the columns are numbered (m=1, ..., 8); at the start-up, column
1 follows the desorbent input; column number 2 is the following
in the direction of the fluid flow, and so on;

e a position (p) is defined as a place dedicated to the columns in
the SMB unit; some are really occupied by a column, others by a
capillary replacing the column.

Columns move when the valve rotates whereas positions are fixed.

3. Parameter identification from batch experiments
3.1. Introduction

In this section, the method to determine the parameters of a
SMB model from elution peaks developed in [13] is transposed to
the studied separation. The experiments are performed directly on
the columns of the SMB process. Indeed, as it will be explained in
Section 3.4, it is more advisable to work directly with experimental
data recorded on the SMB columns and not on analytical columns
to ensure that the porosity used in the estimation of the isotherm
parameters is the same as the porosity of the SMB. Moreover, it is
assumed that all the columns of the SMB unit have the same prop-
erties and hence the same parameters. Therefore, identification is
performed from experiments on one of the SMB columns only. This
hypothesis will be discussed in Section 5.

Hereafter, the description of the experiments is given before the
modelling of the elution experiments. Then, the set of parameters
to be identified by an optimization method is presented. The state-
ment and the solution of the identification problem follow. Finally,
parameter estimation is performed from batch data.

3.2. Batch experiments

In our particular case, column 2 which is followed by the detec-
tor UV3 is chosen for the batch experiments. By rotating the valve,
it is placed after pump P3 (cf. Fig. 2). A mixture of cyclopentanone
(the less retained component, called A) and cyclohexanone (the
most adsorbed component, called B) is introduced in the column
thanks to a manual injection valve associated to pump P3. Elution
peaks are measured at the end of the column with detector UV3.

To reproduce the conditions of enantiomer separations, the
injected concentration of component A is equal to the injected
concentration of component B.

Two data sets are used for each parameter estimation, one
resulting from an injection at low concentration, called Sy, the other
from an injection at high concentration, called S,. The injected con-
centrations are prepared volumetrically by the user. The smallest
concentration has been chosen high enough to be detectable and
the highest concentration to be below the limit of solubility. The
flow rate and the injected volume are the same for each experiment.

Letting ysmes(t) £ =1,2, denote the measured signal associ-

ated to the input concentration cg; ¢, i=A, B, the data set S, can be
defined by

56 :{yg;es(té(h))s h=0,1,...,M[ -1, té(h) < t@(h'i'])}

where the injection is assumed to take place at time t=t,(0). My is
the number of measurements in data set S,.

3.3. Modelling of an elution experiment

In this section, the model equations necessary to simulate an
elution experiment are presented. First the column model and the
inlet concentration profile are described. Then the isotherm model
is presented and finally the measurement equation which repro-
duces the information given by the sensor is given.

3.3.1. Column model and inlet concentration profile
As already explained in the introduction, a systematic com-
parison of the computational load and the identifiability of the
parameters for the linear-driving force (LDF), the equilibrium dis-
persive and the kinetic model has been reported in [13]. From this
study, it follows that the kinetic model yields an appropriate com-
promise between these criteria. Hence this model is retained here.
The equations of the kinetic model for a chromatographic col-
umn are written as follows for the liquid phase:
8ci Bc,- i
- Ve oa 0
with ¢;, the fluid concentration; g;, the solid concentration; v, the
fluid velocity; &, the porosity. t denotes the time and z, the axial
coordinate. i =A, B refers to the species in the mixture to separate.
For the solid phase, the mass balance is given by:
9g;

— =k

rel
T uq;? — q;) (2)

with klfel, the relative mass transfer coefficient,and qfq, the adsorbed
equilibrium concentration.

The ideal shape of the inlet concentration profile should be a
rectangle but dispersion phenomena affect significantly the profile.
In this study, the inlet concentration profile is described as follows:

Ift <ty then

ui(t) =0

else
if t < (tp +tg, ) then

ui(t) = CF,i (1 —exp <_(tt_tdm)>>
tr

else

ui(t) = Cf,i (1 — exp ((tttdm)>>
tr
—CFi <1 —exp <W>) 3)

with cg;, the injected concentration of component i, i=A, B, tp, the
injection duration and ¢, a constant characterizing the rise time
of the pulse. ty, is the time delay due to the dead volume between
the injection pump and the SMB process, tg, = Vg, /Q withV,, , the
dead volume located before the column and Q, the feed ﬂow rate.
It is implicitly assumed that injection starts at t=0s.

3.3.2. Isotherm model

The adsorbed equilibrium concentration is related to the
liquid-phase concentration by an adsorption equilibrium relation.
Many multicomponent non-linear isotherm equations have been
described. As the type of isotherm equation is not a priori known
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in this study, the obvious first choice is the competitive Langmuir
isotherm. The corresponding equation is the following:

g = : gsibici 4)
+ baca + bgcp
where qs; and b; are respectively the saturation capacity and the
equilibrium constant of component i, i=A, B.
Note that at infinite dilution, the Langmuir isotherm reduces to
a linear relation with slope H;, where H; = qs;b;.

3.3.3. Measurement equation

As already explained, the data are collected at the end of the
column with a UV detector. In this study, the resulting UV signal is
a weighted sum of the concentration of the two products. Letting
ci(t, z, cgi¢), denote the solution of Egs. (1), (2), (4) for input (3),
for data set Sy, £=1, 2, the measurement equation, reproducing the
information given by the sensor, can be written:

Vs, (t) = ca(t, L, c,i ¢ JUV(A) + cp(t, L, cg,i ¢ JUV(B) (5)

where L is the column length. UV(A) (UV(B)) is the calibration coef-
ficient of component A (B). It is easily determined by injecting
successive step changes of known concentration of component A

(B).
3.4. Unknown parameters

In Egs. (1)-(5), the parameters are the fluid velocity, the poros-
ity, the mass transfer coefficients, the injected concentrations,
the injected volume, the dead volume, the isotherm parameters
and the UV calibration coefficients. The velocity is obtained
from the fluid flow rate. The porosity is calculated as described
in [15] by using the elution peak of a non-retained product (a
solution of thiocarbanide). The injected concentrations are cho-
sen by the user. Note that even if the injected concentrations
are chosen equal for component A and B, both concentrations
are considered separately in this study as they are prepared
independently and thus affected by uncorrelated errors. The
injected volume is defined by the volume of the injection valve.
The dead volume is a known process characteristic. The UV cali-
bration coefficients are obtained from simple experiments [16].
All these known parameters will be gathered in the vector ¢(k):
(k) =1Q Viy cealk) crplk) UV(A) UV(B) & Vg1, k=
1,...,M7. As two experiments are performed with different
process working modes, which differ, in this study, by the
injected concentrations, this vector of parameters is a function
of the measurement point k through cgi(k)=cg;; for k=1, ...,
M; and cgi(k)=cg;p for k=M;+1, ..., Mr, i=A, B. The vector

T
&=y ... o]

estimated value obtained from simple experiments is called
&= [E) ... ]

The parameters are now grouped into two classes, those which
can be assumed to be perfectly known and those which are sub-
ject to an estimation error. Vd,-,,' the dead volume, is assumed to
be known without error as it is a known process characteristic.
The other elements of ¢(k), k=1, ..., M, may be corrupted by
some errors. Indeed, for example, the precision of the pump is lim-
ited or the measurement of the calibration coefficients may not be
performed without error. However, as the batch experiments are
performed on one SMB column, the porosity is also supposed to
be known without error. Indeed, in [17], it is demonstrated that,
if erroneous porosity is used in the determination of the isotherm
parameters from batch experiments, these parameters will not be
correctly estimated but they will nevertheless be able to describe
quite accurately the propagation of the elution fronts. Hence, in
this study, the error on the porosity will be neglected during the

will also be used subsequently. The

identification of the unknown parameters from one SMB column.
Consequently, for the identification step, two vectors will be used:

e one containing the parameters assumed to be known without
erTor: {ye = [Vdm s]T;

e another with the parameters which may be corrupted by some
errors: Le(k)=[Q Viyj cra(k) cpp(k) UV(A) uviB)", k=1, ..., Mr.

The vector &, = [{e(l)T ;E(MT)T]T will also be used subse-
quently.

Hence, £(k) = [ce(k) ¢T1', k=1,..., M.

The other parameters, namely the mass transfer coefficients
and the isotherm parameters, are identified following the method
described in [13]. The vector of identified parameters is defined as
=[kel K Hy Hp by byl

In order to introduce the dependence on 6 and ¢,, the simulated
outputs, resulting from Eq. (5), will be: ys, (t, 6, Z).

In the following, the measurements and the simulations will be
2

gathered in vectors of length My, Mt = ZM[:

=1
ymes — | y§n1eST J’?;ST ]T where }’gmges =
[V (0)) .. yIS(te(Me —1)]'  with  £=1, 2, and
YO.2) = [y1(0, 81 : M) ya(6. 81+ M, : M) ] where
Y1(0,8) = [y5,(61(0), 0,510 ... ys,(t1(My = 1),0, &M )] and

Va6, &) = [ys, (£3(0), 6. My + 1) ... 5, (62(M — 1), 6, EM) '

te(h)<ty(h+1), and h=0, 1, ..., My_;. Hence the k™ measure-
ment used for identification is labelled: y™e5(k) and the k™" element
of vector y(6, ) is labelled y(k, 6, Z(k)), where k=1, . .., Mr.

3.5. Statement of the identification problem

As described in [13], the unknown parameters are determined
by minimizing a measure of the deviation between the experimen-
tal profiles and the profiles simulated with the chromatographic
model.

The latter are obtained by solving numerically Egs. (1)-(4) fol-
lowing the method of lines [18]. First, the spatial operators are
approximated using a finite difference scheme on a spatial grid.
Then the resulting system of semi-discrete ODEs is integrated in
time [6]. The solution is introduced in the measurement Eq. (5) to
give the simulated measurement signal. Solutions obtained for both
data sets are introduced in a vector y(6, ), as proposed in Section
34.

To specify the parameter estimation problem, it is necessary to
describe the constraints on the parameters and the cost functions.

For each unknown parameter, the prior knowledge allows one
to specify an interval within which the estimated value must
lie: 0()ins<0()<6(j)sup- To enforce these constraints, the follow-
ing non-linear transformation is performed on each parameter
[19]:

03) = O-S(QU)sup + QU)inf + (QU)sup - GU)inf)tanh(Q*(i))) (6)

with 6(j), the jth parameter to identify, and 6%(j) € %, the
parameter which is actually determined by numerical opti-
mization. This way, an unconstrained optimization problem
results, which can be solved using the technique presented in
Section 3.6 below. Note that, for simplicity, by an abuse of
notation, y(6, ¢,) is written y(6*, {,) after parameter transforma-
tion.
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Two cost functions are considered. The first one is defined as:

My
U0 8 = > Cymk) - yik, 07, 8(K)’
k=1

M,
+ ) e - ik, 6, 8k’ 0

k=Mq+1

with y™mes(k), the kth measurement value, y(k, 6%, £(k)), the cor-
responding model ouput prediction, and M,, the number of
measurements of the datasetS,, £=1,2.C; isa constant that ensures
that each data set has the same importance in the cost function:
G = max(yg*)/max(yg ).

The second cost function helps considering the output error in
a relative sense [16]:

o8 = Zm (In(y™(k)) — In(y(k, 67, E(k)))°
2 2 2
+ Z (In(y™*(k)) — In(y(k, 6%, £(k)))) (8)
k=M1+1

R is a constant that ensures that each data set has the same impor-
tance in the cost function: Ry = max(ln(y";es )/max(ln(y":es))

Note that, to avoid having an infinite value of the cost function
when using expression (8), a lower bound saturation of the values
of ymes(k) and of y(k, 6%, £(k)) is performed:

ymeS(k) = Ysat
or if y(k, 8%, 8(k) <ysae y(k, 0%, E(K)) = Ysar

where ygq > 0.
The results obtained with both cost functions will be compared
in the following.

if Y (k) < ysat

3.6. Solution of the parameter estimation problem

In this section, the optimization method and the identification
procedure are first presented. The calculation of the confidence
interval follows.

Mr My

3.6.2. Multistart procedure

A multistart procedure is executed to alleviate the problem of
local minima. It consists in performing 2" identification runs, with
n, the number of parameters. Each run corresponds to a different
initial value of the estimated parameter vector, 65" (r=1, ..., 2").
The latter are calculated after the following steps:

1. 9,-,11-[, arough approximation of the parameters, is obtained from
classical experimental method selected in [13] applied directly
on data set S; and Sy; R

2. A@,-m»t, an upper bound of the error on 6;,;, is estimated as
described in [21];

3. 96, r=1,...,2" corresponds to the vertices of a hyper-
parallelepiped centred around @imt with edge length equal to 2
Abiic;

4. 0§ is obtained by parameter transformation (6) of 6f.

Each identification run yields an estimated parameter value
denoted 6*", or after transformation by Eq. (6), 6", r=1,...,2".
The associated value of the minimum cost function will be denoted

Tins T =1,..., 2" Next Jyp, is calculated from mrinjrr]rlin and O,y;, is

the parameter value for which Jy;, is reached. As it corresponds to
the smallest cost function obtained, 6,;, is used subsequently for
validation tests.

3.6.3. Confidence interval

The confidence interval on the estimated parameters, o i | is
estimated taking the error on the a-priori estimated parameter ¢,
into account. To this end, the calculation of the covariance matrix
on the basis of the asymptotical theory [22] is adapted. The devel-
opment has been presented in [16] and a brief summary is given in
Appendix A. The estimation of the covariance matrix of the param-

eter error is calculated as follows:

Cov = E(6*6*T)

_ pMT " Jmin(0*, &) - Y+ A+ D L0 9)
Mr =) gl (k, 6+, Zo(k))Prsy 8- (k, 0%, Ze(K))
k=1

where

W =23 gl (k' 8, Lelk Qe (K", kg, ao (K, 6, Tek NW(k")

k=1 k*=1
Mr Mr Mr

A= gk 8 Lelk Qe (k, K gy (K, 87, Lelk*w(k*)

k=1 k'=1k*=1
My My Mr

@ =3 gl (k. 6 Lok )Py, [Zz‘gg* (k, 6, Ze(k)w(k)gl
k=1 k'=1 k
Pui, gp-(k*, 0%, Ze(Kk*))

Mr Mp

(k, 6%, Te(k))QPe (k. K )geq(i(K . 6, Te(K)W(K gl (K, 6, Ze(k/»]

$2 = Puy [Zde*(k, 07, LellNwk)g] 4o (k, 67, LelkDQE (K, K )grey(K' 87, CeK Nw(k gg. (K, 67, Ze(k/))] Pty

k'=1 k=1

3.6.1. Optimization method

The optimization method used in this study is an algorithm
for unconstrained optimization by quadratic approximation devel-
oped by Powell and called UOBYQA [20].

67, 6%, the true value of the

with 6, the estimation error: §* = 8* — b O

parameter,

g (k, 6, oty = 208,
ay(k, 6%, Le(k))

Eroto(k, 07, Le(k)) = A0
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Table 1
Separation and experimental set-up characteristics.
e UV(A) UV(B) G ta,, (s) Flowrate Q (ml/min) tir () Cra1=Crp3 (VOI%) Cra2 =Crp2 (VOl%) Injected volume (ml)
0.6 0.1991 0.1919 41.31 20 30 0.1 0.12 6 2
Table 2 X107
Batch identification conditions. 7 T T T T
éim':t Aéim’[/aim'r einf esup Ysat Cl R] Ml MZ 6 i
1466 0.3 0 4235
1015 0.3 0 4235 5
3 0.1 0 10 I i
6.96 0.1 0 10 le-3 413 3 316 455
0.24 0.3 0 1 B at
0.56 0.3 0 1 €
>
= 3}
My
~ A A A A 2r
-1
k=1,....Mr. Py = E 8o+(k, 6%, g“e(k))gg*(k, 0%, Ce(k))w(k). ;
k=1 1F
The covariance matrix of the error on the estimate of (k) is called j
Q% (k, k). w(k) corresponds to the weighting factors. For the cost 0 b .

function J<, w(k) = \/a for k<M and w(k)=1 for k> Mj. For the
cost function J™, w(k) = \/Ril for k <My and w(k)=1 for k> M;.
Hencg. the confidence interval at 65% on @*(j), the jth compo-
nent of 6* (j=1, ..., n), is calculated as: 6*(j) + 1/ Cov(j, j). Then,
transformation (6) is applied to find the confidence intervals on

0(3).
3.7. Batch identification from experiments

In this section, the results of the identification from batch exper-
iments performed on the plant described in Section 2 are presented.

Table 1 gives the separation and set-up characteristics for the
realized elution experiments and Table 2 shows the identification
conditions. R

The following notations are now introduced: 6, represents
the parameter identified with the cost function J and égin the
parameter identified with the cost function J". The results of the
identification performed with the two cost functions J and J" are
shown in Table 3. Both cost functions J and J" give very sim-
ilar results for parameters A; ,;, and Bi min» 1 =A, B, whereas,
parameters IAcl.r‘frfrlin are significantly different. Moreover, the identi-
fied parameters corresponding to the linear part of the isotherm
and describing the behaviour at low concentration, A4 i, and
Hpg min, are close to the initial ones, Hy i and Hp iy

Figs. 3 and 4 show the experimental profiles as well as the peaks
simulated with @,-m»t and with 8,,;, for both cost functions. Note that
data sets, S; and S, used together for identification, are shown here
separately for sake of clarity. These figures help to validate ouriden-
tification approach. Note that the simulations are only compared
with data that have been used for parameter estimation. It should
be interesting to validate the method with other experimental sets,
but, unfortunately, data recorded at other process working modes

Table 3
Batch identification results jgit/(Ml +My)=1.2e -4 ];’ﬂn/(M] +M,)=2.81e -
5 Jin /My +My)=4.14; J /(My +M;)=6.7e - 2.

min

ginit emin eirr:in
klff' (m™1) 1466 1546 953.1
kel (m1) 1015 1000.8 720.1
Hjp 3 3.05 3.075
Hp 6.96 7.1 7.09
bs (vol%)~! 0.24 0.215 0.21
b (vol%)~! 0.56 0.66 0.65

150 200 250 300
time(s)

Fig. 3. Results of parameter estimation for column 2 with data set Sq; eee experi-
mental profile; s sk y(k, Omin, {(k)); -+ y(k, 08 Z(k)); @ @ y(k, Oinir, LK), k=1,
ey M].

are not available. Nevertheless, the method will be validated with
SMB experiments.

The simulated profiles obtained with the parameters identified
with J¢ are different from those simulated with the parameters
estimated with J’. On the one hand, in general, the cost function J
gives profiles for which the bottom of the desorption fronts (as seen
in the rectangles) are close to the experimental profiles. However,
the top of the peaks (as seen in the circles) is not well reproduced at
low concentration (data set Sq). On the other hand, results obtained
with cost function J provide peaks with a general shape (height
and position) similar to the experimental ones, although the shape
of the desorption fronts obtained with cost function J™ is better. The
good reproduction of the shape of the fronts may be a advantage
in SMB processes for control methods based on the position of the
fronts. However, at this stage, it is difficult to conclude from batch
experiments. Results must be compared in SMB mode.

03} E
025 & ]
-
%
w 027 . )l
0} o
€
> 0151 o« E
>
o1 7 :
.
0051 . E
-
* .
0 - :
100 150 200 250 300
time (s)

Fig. 4. Results of parameter estimation for colgmn 2 with data set Sy; eee experi-
mental profile; sk sk y(k, Omin, L(K)); +++ y(k, 610, T(K)); @ @ y(k, Oy, $(K)), k=1,
oo M.
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Table 4
Upper bounds of the confidence intervals (65%).

Cost function J¢ Cost function Ji

kel (m1) [266; 3515] [677; 1296]
kel (m-1) (84; 3473] [508; 974]
Hy [2.8;3.27] [3:3.15]
Hp [6.4;7.7] [6.9;7.3]
b (vol%)-! [0.13; 0.32] [0.13; 0.3]
bg (vol%)~! [0.32; 0.89] [0.49; 0.78]

The upper bounds of the confidence intervals at 65% are given
in Table 4 for both cost functions. Details about the estimation of
Q% are given in appendix 8.2. of [16]. The confidence intervals are
larger for the cost function J¢ than for the cost function J. How-
ever, the intervals are probably overestimated. It is possibly due to
the numerous assumptions performed to obtain Eq. (9), notably a
number of samples that tends to infinity (cf. Appendix A). As batch
elution profiles are less sensitive to the mass transfer coefficients,
the confidence interval is larger for the mass transfer coefficients
than for isotherm parameters.

4. SMB modelling

In this section, the modelling of the SMB processes is dis-
cussed in order to build the model that will be used to validate
the identification approach. The simulation results and SMB exper-
iments will be compared in Section 5 in order to verify whether
the parameters identified from batch experiments may be used in
a SMB model

In the experiments and simulations considered in the SMB oper-
ating mode, the start-up of the plant coincides with the beginning of
the injection of continuous feed flow in the process filled with sol-
vent. Each experiment is performed with fixed working conditions
(constant injected concentrations, constant flow rates and constant
switching time).

First of all, the model of a SMB column is considered. Next, the
switching mechanism is modelled as well as the dead volumes
within the process. Finally, the inlet concentration profile and the
measurement equations are described.

4.1. Column modelling

To perform the validation, a SMB kinetic model is needed. For
each column of the SMB plant, Egs. (1), (2) and (4) are valid.

4.2. Switching

For simplicity, the fixed referential is associated to the columns.
Hence, the switching is modelled by the movement of the inlet
and outlet ports and hence by the change of the flow rate in each
column. To perform this, a vector which contains the flow rate in
each column is defined: Q =[ Qg ... Qg |.

At the start-up,

==0; == Q=02=qQu;

Q0=0)=Qv with Qy=Q;+Q and Q=Qy+Qs

where Q; is the flow rate in zone z, z=1, . . ., IV, Qf, the feed flow rate
and Qs, the solvent flow rate.

Valve switching is taken into account by considering that the
flowrate in column m during a switching period is equal to the

flowrate in column m — 1 during the previous period:

= Q,?f_]l (10)

where ng denotes the number of switches performed since the start-
up. The velocity in column m is recalculated from Qy, after each
switching for use in Egs. (1) and (2).

4.3. Extra-column dead volumes modelling

4.3.1. General equation
Asexplainedin[2,7,9],itisimportant to model the dead volumes
introduced by the valves, the connecting tubes and the pumps. It is
especially the case in this experimental set up where some pumps,
UV detectors, capillaries replacing columns and long connections
are placed in the circulating loop between the columns (cf. Fig. 2).
The mass balance equation for component i, i=A, B, in the dead
volume d is calculated as follows [9]:
8ci,d aCj d

5

¢
S i,d
ot 8Zd

d Bzdz ’

(11)

with vy, the velocity in dead volume d; Dy, the diffusion coefficient
in dead volume d.

As most of the dead volume consists of tubes where plug flow
conditions may be considered, D is very small (~1e—9m?/s).

4.3.2. Movement of the dead volumes in the circulating loop

In [9], the dead volume surrounding a column is divided into
two parts: one located before the column, another after. However,
some dead volumes switch from one section to the other, like the
columns, while others stay in the same section all the time. For
example, in the studied experimental plant, as seen in Fig. 2, some
dead volumes move, as the ones associated to UV3 and UV4 detec-
tors, and others, which are not negligible, as the ones associated to
the pumps and their connectors, are fixed. Hence, it is proposed to
consider these different behaviours in the model. As seen in Fig. 5,
at the n'h switching period, the dead volume at position p is divided
into four parts, two moving ones, and two fixed ones:

¢ the dead volume VC"I b is located before column m and corre-
sponds to the connectlon between the valve and column m or
to the inside of the valve; this dead volume switches with the
column at each sampling time;

the dead volume Vm,;”f is located after column m and corresponds
to the connection between the column m and the valve or to the
inside of the valve; this dead volume moves with the column at
each sampling time;

the dead volume Vp'm b is situated before column m and corre-
sponds to the pumps P1 and P2, and connections from the inlet
ports; this dead volume does not move;

the dead volume Vp"” ‘@ s situated after column m and corre-
sponds to the connectlons to the outlet ports or to the pumps P1
and P2; this dead volume does not move.

Hence, if the fixed referential is associated to the columns, the
movement of the dead volumes associated to the inlet and out-
let ports, V""m’lJ and Vp‘m’af is modelled by considering that the

concentratlon profiles in dead volumes Vpop” b and Vp‘;" @ at the
beginning of a switching interval, are equal to the profiles obtained
in the dead volume Vport b and Vport 9 at position p— 1 at the end
of the previous perlod Wthh glves 1n each dead volume:

Ciap(th =0,24p) = Cap 1(t" 7" = At, 24y 1) (12)

with ¢;q4p, the concentration of component i in the dead volume
considered at position p. z; is the axial coordinate in the dead vol-
ume. At is the switching period and ;" is the time elapsed since
the ngth switch.
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'
! Inlet » Outlet 4
From previous Position p ! lo the next
L | position
position port.b portaf |
................... Vd,p Vd,p >
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d,m

Columnm [ V;"nl]‘af

Fig. 5. Schematic representation of the dead volumes surrounding a column in the considered SMB unit.

Note that, as explained in the introduction and illustrated in
Fig. 2, there are only 8 columns instead of 12 and the free ports
are connected by short capillaries. In this case, if position p is not
occupied by a column, V;f’rl,;b and ng’rll;af are directly connected and
include the dead volume of the capillary.

This approach for modelling extra-column dead volumes is val-
idated with experimental data in Section 5.

4.4. Inlet concentration profile

The start-up of the plant coincides with the beginning of the
injection of a continuous feed flow in the process filled with sol-
vent. In the inlet concentration profile, a time delay is introduced
to take into account the dead volume between the feed tank and
the SMB unit. This delay may influence the concentration profiles
at start-up and postpone the establishment of the cyclic steady-
state. Moreover, the ideal shape of the injection front should be
rectangular but dispersion phenomena significantly affect the pro-
file. Hence, the inlet concentration profile of component i, i=A, B,
can be described as follows:

if t< tdin
Ll,'(f) =0
else
ui(t) = cgi(1 — exp(—(t — tg, )/ter))

(13)

where t; = Vg /Qr with Qf, the feed flow and V_, the dead vol-
ume before the SMB unit. cg; is the feed concentration of component
i,i=A,B.

4.5. Boundary conditions

The boundary conditions in the liquid and solid phase are
obtained by expressing simple mass balances and simple advection
equations for each component i (i=A, B) at the transition between
two dead volumes or between a dead volume and a column. They
have the same form as those given in [6] for transition between two
columns.

4.6. Model parameters

As for the batch case, for each measurement signal, vectors of
a-priori known parameters are defined. As the four UV detectors
used (see Fig. 2) do not have the same calibration coefficients, four
parameter vectors (5B, §=1, .., 4, are defined:

M= Q Qi Qv At &
T
ene Va Cra Crs UVs(A) UVy(B)]

with N¢, the number of columns and UV(i), the UV calibration coef-
ficient of detector § for component i,i=A, B. V; is a vector containing
the dead volumes of the SMB unit.

4.7. Measurement equations

The measurement equation is written for detector §, 6=1, ...,
4:

Ys(t, 0, GMB) = caq(t, Ly, 6, £3MB)UVS(A)
+¢p.q(t, Ly, 0, £3MB)UV(B) (14)

with §, the sensor number, ¢; 4, i=A, B, the concentration of compo-
nent i in the dead volume before the UV detector. L, is the length
of this dead volume.

UV detectors situated on the extract and raffinate outputs are
fixed. However, UV3 and UV4 are moving: the first follows the dead
volume V;f’lg'”f after column 2, the second is placed after the dead

volume V< after column 6.

d.p
4.8. Numerical solution of the model equations

Like for the batch equations, Egs. (1), (2) and (4) with (10) to (13)
are solved numerically following the method of lines [18]. First, the
spatial operators are approximated using finite difference schemes
on a spatial grid. Then the resulting system of semi-discrete ODEs
is integrated in time [6].

5. Validation with SMB experiments

In this section, a validation is performed with SMB experi-
ments to verify the effectiveness of the identification method and
of the modelling of the movement of the dead volumes. First the
parameters identified in Section 3 are introduced in the model
described in Section 4 to simulate the behaviour of the SMB pro-
cess. The obtained concentration profiles are then compared with
experimental profiles. Then, a confidence envelope is estimated to
evaluate the simulation errors.

5.1. Comparison of concentration profiles

On the one hand, SMB experiments have been performed on the
unit described in Section 2 for three operating conditions (case I to
[II) described in Table 5. .

On the other hand, simulations have been performed with 6,
or @gl‘i - estimated in Section 3.7 and a-priori known parameter vec-

Table 5

Operating conditions.
Case I 11 111
Feed concentration (vol%) (Cra = Crp) 1.456 1.456 0.73
Switching time (s) 150 130 150
Qy (ml/min) 15.6 28.7 15.6
Qv (ml/min) 17.9 27 17.2
Qr (ml/min) (feed flow rate) 10.6 8.4 10.6
Qs (ml/min) (solvent flow rate) 325 31.3 325
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ymes, y

5850 5900 5950 6000
time(s)

Fig. 6. Case I: UV1 signal (extract); 8" switching period of the 5™ cycle; o and
+experiments; ss==simulation with the initial parameters; mmsmsimulation with 6,
e Simulation with "

min*

tor, ZgMB, §=1,...,4.The latter are built from Table 5 which gives
the operating conditions, and Tables A.1-A.3 in the appendix which
give the UV calibration factors and the values of the dead volumes.
The porosities of all the columns are assumed to be equal to the
porosity of column 2.

Results of simulations and experiments are, now, compared in
order to verify if the parameters determined with batch experi-
ments may be used in a SMB model.

Note that, here, only three operating conditions are considered
and all the UV signals corresponding to these operating points are
not shown. But similar results have been obtained for the other UV
signals and for other operating conditions.

Figs. 6 and 7 show the comparisons between the measurements,
the signals simulated with the initial parameter value 6;,;, and
with the parameters, @min and @L‘]‘in, identified with the cost func-
tion J¢ and the cost function J' respectively. In Fig. 6, the extract
signal (UV1) is given for case I. Note that the experiments corre-
sponding to case I have been performed twice in order to check
the reproducibility. In Fig. 7, the signal recorded with detector UV3
is represented for case II. Fig. 8 shows the simulated UV3 signal
obtained at cyclic steady state for slightly modified flow rates in
each section. This study has been performed in order to observe the
influence of the precision of the pump on the concentration pro-
files. Figs. 9 and 10 show the experimental profiles and the results
of simulations for different approaches to introduce the dead vol-
umes:

04
0.35

0.25 |
02}

ym,y

0.15 |

0.05 |

0 .
4500 5000 5500
time (s)

Fig. 7. Case II: detector UV3 signal; from 4" switching period of the 5% cycle;
+ experiments; === simulation with the initial parameters; === simulation with
Omin’ memm simulation with 61", .

055 FT T T T T T

0151

0.05¢, . . . . .
5350 5400 5450 5500 5550 5600
time (s)

Fig. 8. Case I: detector UV3 signal; th switching period of Ehe 4t cycle;e
and + experiments; smmm simulation with 0, ss== simulation with 6,,;, with modi-
fied flow rates (cf. Table 6).

Table 6
Flowrates applied in Fig. 7 (Q: flow rates of case I; Q°: modified flow rates).
Q (ml/min) Q* (ml/min) AQ/Q(%)
Zone | 50.4 49.9 1
Zone II 15.6 15.1 3
Zone 111 26.2 25.7 2
Zone IV 179 17.4 23

(a) simulations performed with fixed and mobile dead volumes;

(b) simulations realised with all the dead volumes set to zero;

(c) simulations obtained with all the dead volumes attached to the
columns, as considered usually in the literature;

(d) simulations executed with all the dead volumes fixed.

Fig. 10 is a zoom of Fig. 9 on one permutation period.
From these figures, it can be concluded that:

- Asseen, in Figs.9 and 10, the best way to reproduce the amplitude
of the concentration signals and the “bumps” in the concentra-
tion profiles is to consider that some dead volumes are moving
and others are fixed during switching. Moreover, Fig. 9 shows
that the change of the amplitude of the extract peak, due to the

025 ! ; i i : ! !
o2pYy ey

onsfbl gl

y, ymes

0.05 fif e Ny Ml

0 i i L i i
3600 3700 3800 3900 4000 4100 4200 4300
time (s)

Fig.9. Caselll: UV1 signal (extrac;(); 5 first switching period of the 4t cycle; e exper-
imental signal; simulations with 0, : s dead volumes fixed and moving; s all
the dead volume moving; === dead volumes neglected; mm=m all the dead volume
fixed.
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Fig. 10. Case Ill: UV1 signal (extract); zoom of Fig. 9; e experimental signal; sim-
ulations with 6,,;,: === dead volumes fixed and moving; ss== all the dead volume
moving; dead volumes neglected; mmmm all the dead volume fixed.

unequal distribution of the dead volumes in the process, is also

well reproduced with fixed and moving dead volume which is

not the case with the other configurations. In Fig. 10, where the

switching appears at 3600s, the delay of the apparition of the

abrupt front due to the dead volumes is also well reproduced.

This validates the approach proposed in Section 4 to model the

extra-dead volumes.

The parameters obtained with cost functions J¢ and J™" give similar

profiles. As the parameters differ essentially in the value of the

mass transfer coefficients, it can be concluded that the latter have

a low impact on the SMB concentration profiles studied here.

In all the figures, the signals simulated with identified parameters

give a good approximation of the measurements. The worst parts

of the simulation profiles are the fronts of the raffinate signals (cf.

Figs. 7 and 8). The differences between the experiments and the

simulation results may be explained by different causes:

¢ Modelling errors due to the isotherm equations, the choice of
boundary conditions [6] and the column model. For the latter,
a compromise has to be done. More rigorous models, taking
into account the pore diffusion and the axial diffusion like the
general rate model, exist [23]. However, the number of param-
eters is large which increases the difficulty to determine them
univocally.

e Errors in the calibration coefficients or small variations of
parameters among the columns.

e Experimental errors: as shown in Figs. 6 and 8, the reproducibil-
ity of the measurements is not perfect and some experimental
errors due to inaccuracies in the flow rates or in the preparation

sl ;. - - - - - .
1 - N 4
> :
) B
o}
€
> i
05}
O _ V 1 1 1 1 1 _
4200 4300 4400 4500 4600 4700 4800

time (s)

Fig. 11. Case [: detector UV3 signal;* and --- experiments; ===m simulation with
Omin, bounds of the estimated confidence interval with the cost function J™;
= = m bounds of the estimated confidence interval with the cost function J.

lack of precision of the flow rates of the SMB plant. Indeed, as
seenin Fig. 8, simulation results with smaller internal flow rates
(with output and input flows not changed) are closer to the
experimental signal.
e Errors in the modelling of dead volumes where plug flow is
assumed.
e Errors in the values of the dead volumes.
e Error in the modelling of the permutation which is not abrupt
in practice. R
Moreover, the signals simulated with 6,,;, are close to the one
obtained with éin,-t. Indeed, the concentrations obtained at the
outputs are not very high and, as already observed in batch,
the initial parameters corresponding to the linear part of the
isotherm and describing the behaviour at low concentration,
Hyinir and Hgipie, are close the identified ones, A4 min and Ag min.
However, a significant improvement of the profile is shown at
higher concentration (in the circle in Fig. 7). Indeed parameters
b, and bg which correspond to the nonlinear behaviour, more
important at high concentration, are significantly different after
identification.

5.2. Confidence envelope

As seen in the preceding section, the introduction of the identi-
fied parameters in a model allows to simulate the behaviour of the
process. However as there is an error on the estimated parameters,
there is also an error on the results of the simulation:

F5(k) = ys(k, 0, TVB) — ys(k, 07, £SUB).

with £3¥5, the true value of parameter ¢5°M5, §=1, .. ., 4.

An upper bound for the confidence envelope may be estimated,
as presented in [16], taking the covariance matrix of both 8% and
Z3MB into account:

i dys(k, 0+, ¢sSMBY! o dys(k, 0%, ¢SV
E(ya(k)yg(k)T)UP _ J’S( 89)}‘8 ) E(@*Q*T) y8( 89*4‘5 )

6=be, g SMB_gSmB O+=6, £ MBZSMB

T 2
9 k, 9*’ SMB 9 k, 6*, SMB
+ ya(—s[gg) Q;e(k,k)% k=1,...,My (15)
a¢;s 0g;s §+—r, £, SMB _$SMB
,Cs 3

0r b, QSMB=2_§MB

of the solutions should also be considered. For example, the
largest differences observed in Fig. 8 may be explained by a

E(6*0T) is obtained as explained in Section 3.6.3. Q%(k, k) is
estimated from the knowledge available on the process and experi-
mental estimation error. The upper (lower) bound of the confidence
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envelope at 65% is then obtained by adding (subtracting) the quan-

tity ys(k) = / E@s(k)gs(k)" )" to yMB(k, B, E5VB).

Note that, it is supposed that a “true” model exists to apply Eq.
(15).

Fig. 11 compares the confidence envelopes for a concentration
profile simulated with parameters identified with the cost function
J and for the cost function J<.

Some conclusions may be drawn from these plots:

e the confidence envelopes obtained with the cost function J" are
in general smaller than those obtained with the cost function J¢;

e the experimental data are, in general, contained in the estimated
confidence envelope;

e thelargest subset of the experimental data which is not contained
in the confidence envelope corresponds to the raffinate fronts (in
the pink circle of Fig. 11). As seen in Section 5.1, the latter are
poorly simulated;

e the parts of the signal with a larger confidence envelope corre-
spond to parts of the profiles where the reproducibility of the
experiments is the worst (in the pink circle of Fig. 11).

6. Conclusions

In this work, a systematic procedure to estimate the isotherm
parameters and the mass transfer coefficients of a SMB kinetic
model is validated with experimental data. First of all, the param-
eters are estimated from two elution peaks, one at a small
concentration, and another at a higher concentration. The confi-
dence intervals are also estimated for each parameter. Then, these
parameters are introduced in a SMB model so as to assess whether
the parameters identified from batch experiments may be used in
a SMB model. To this end, the introduction of the fixed and mov-
ing dead volumes in the SMB model turns out to be necessary. The
validation with SMB data is then performed with success.

Hence, the contribution of this work is twofold:

e A systematic procedure to estimate parameters of a SMB model
is validated.

¢ An approach to model dead volumes with fixed and moving parts
is proposed.

Both contributions allow simulating the SMB concentration pro-
files with a good accuracy.
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Appendix A. Calculation of the covariance matrix

A summary of the main steps of the calculation of the estimated
covariance matrix, E(8*8*T), given in Section 3.6.3, is presented
here. The error on the estimate of Z.(k), k=1,..., Mr, is taken
into account.

Consider the measurements y™e(k)

Y7eS(k) = Yk, 6. ey (K)) +€(k) k=1,....Mr

with Ze,, (k), the true value of the parameter (k).

(A1)

The error on the estimate of Z(k) is defined as: Ze(k) = Ce(k) —

Serr (K)

First, some definitions and assumptions are presented:

e The error is zero-mean:

E(e(k))=0 ¥ k e [1:M;y] (A2)
e The error is white:

E(e(k)e(k')) = 0925(k —kKyw1(k) (A3)
e The estimation, Z(k), is unbiased:

E(Ze(k)) =0 (A4)
e The covariance matrix of Z.(k) is denoted:

E(Ze(k)Ze(K))) = Q¥ (k, k') (A.5)
¢ Sensitivities respectively to 6* and (k) are defined as:
g (k. 0, £o(ky) = 20 Eell) (A6)
etk 0%, sl = LET LD (A7)

Note that the error e(k) is defined in (A.1), with y™¢S(k), k=1, .. ., M,
corresponding to measurements of elution peaks. Parameters e(k),
k=1,...,Mr,correspond to the flow rate, the calibration coefficients
and the injected concentrations and volume which are respectively
imposed by the pump, determined by simple experiments, pre-
pared by the user (see Section 3.4) and injected manually. Hence,
the distribution of e(k) and of ¢.(k) are uncorrelated:

E(Z‘e(k)e(k’)T)) =0 V k,kK=1,...,Mr (A.8)
The confidence interval on 6* is calculated through these steps:
1. Calculation of the expression of 6* The estimation of 6* is
obtained from the optimality condition:

(6", Ze,)

Mr
s = =2 “("es(k) - y(k, 6, Ze(k)))go-

6+=b* k=1

(k, 6%, Eo(k))w(k) = 0 (A.9)

A Taylor series development of y(k, 9*,Ze(1<)) around
(k, 0%, Leer(k)), where high order terms may be neglected, is
pf:rformegl. Moreover, it is assumed that in the neighbourhood of
(0% = 0f, Ce(k) ~ ey, (K)),

gh.(k, 0%, Ze(k)) ~ gl (K, 6, Le,,(K)) and

L0k 07, Zell)) ~ gL 1 (K, 07, e (K)) (A10)

The following expression is then obtained:

My
0" ~ Py Y89k, O, G (KNWK)e(K) — 8, 4 (ks v, Loy (K)Ee(K))
k=1

(A11)

2. Calculation of (8+6*T)

This is performed by simple multiplication.

3. Calculation of the estimation of the expectation of 6*9,
E(é*é*T)
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The following result is obtained using assumptions and defini-
tions (A.1)-(A.8):

MT MT
E@ 0 T) = Puy o2 + Py | D> gk 0%, Lelk)w(k)
k=1 k=1

Eo (s 07, ZellNQE (K, K'Y gryiey(K', 07, Le(K)

w(k)gh(K', 0%, e(K)) | Py, (A12)

4. Estimation of the covariance of e(k), o2, to be used in the
expression of E(0*9*T)
This estimation is obtained after 2 steps:

e the calculation of Taylor series development of the cost function

J(6*, Le,) around 6;. ~ §* and Cep (k) ~ Ze(k), k=1,...,Mr:
< R (6", Ze,)

B, e )~ Zéz(k)w(")—Z&T’kﬁ” Ll
k=1 k=1 0+, Le(k)

+ ) 80k O, G (K))F0T gy(k, Oy, Loy, (R)W(K)
k=1

Mr Mr Mr

ED 0SS K O G U ElIERY e

k=1 k'=Tk+=1
(k*, O Cey (K™ )IW(K™)

Mr My

+ZZZ&

=1 k*=1

(K", 071 e (k")) Ze(K)0™ gy (K", 0 “)w(k*)

(A.13)

tr’ é’e[,(

e the calculation of the expectation of the preceding result:

My My

Mro2 = E Zéz(k)w(k =22 N gk (K s G (k)

k=1k*=1

x Q{e(k*, K)Ezo (1) (K", Oy Sege (K*)IW(K)

Mr
+ )80k, Oy, Ge (KDEG*0 g (k, O, Cery (K)IW(K)
k=1
Mr Mr My
+ZZZ& (K B Gy (o)
=1 k'=1k*=1
x Qge(k, V8. k) (K*, Ofs Cey (K*))W(K*) (A.14)
5. Introduction of the covariance of e(k), Eq. (A.14), in E(6*6*T)
(Eq. (A.12))
Appendix B.

Model parameters.

Table A.1
Calibration factors of the UV detectors.
UVA UVB

Detector UV1 0.227 0.219
Detector UV2 0.206 0.199
Detector UV3 0.1991 0.1919
Detector UV4 0.215 0.207

Table A.2

Moving dead volume.

Position (at start-up) Vgt (m?) Ve (m?)

1 1.88e—-6 1.07e—6
2 1.88e-6 3.07e-6
3 0.95e-6 0.145e—-6
4 1.88e—6 1.07e—-6
5 1.88e—-6 1.07e-6
6 0.95e-6 0.145e—-6
7 1.88e—6 1.07e—-6
8 1.88e—-6 3.07e-6
9 0.95e-6 0.145e-6
10 1.88e—6 1.07e—-6
11 1.88e—6 1.07e—6
12 0.95e-6 0.145e—-6
Table A.3
Fixed dead volume.
Position (at start-up) Vp"" b (m3) V‘““’r 4 (m3)
1 0.655e—6 0.925e—6
2 0.195e-6 0.925e—-6
3 0.195e-6 2.235e-6
4 5.35e—-6 0.925e-6
5 0.195e-6 0.925e—-6
6 0.195e-6 0.605e—6
7 0.655e—-6 0.925e-6
8 0.195e—-6 0.925e-6
9 0.195e-6 2.695e—-6
10 5.595e—-6 0.925e-6
11 0.195e-6 0.925e—6
12 0.195e-6 0.605e—6
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